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Chapter 1 


Elliptical Integrals of First Kind 


dx 


\J(l — x)(l — k 2 x 2 ) 


( 1 . 1 ) 


dx 


Vi 1 - X )W “ k2x 2 ) 


= /(®), /'(*) = 


Vl — x 2 Vl — k 2 x 2 


( 1 . 2 ) 


Let‘s consider the form: 


m = 


(x(l - k 2 x 2 )h') 1/2 


((1 — h 2 ){^^dxP r 1 : r r )) l l 2 (x^d^h'Y/ 2 


h! 


dh 


1 


1 - h 2 


u 1 + 1 


x 


l-h 2 1-h 2 2 I k - h 1 + h 


-(ln(l + h) — ln(l — h)) = lnx 


1 + x 2 = 


-2 
h- 2 


h-l = 


-2 

1 + x 2 


h = 


(l± V 

—2 + 1 + x 2 x 2 — 1 


ln ( rr 7)= l11 * 2 


1 + x 2 


.X 2 + 1 


h=l- 


f'(h ) = 


(x(l — k 2 h 2 )h) 1 / 2 


ti?(h) = 


1 + X 2 

h' N V 2 


/;/ 


2 • 2x 


/W = 

4 


X (1 + x 2 ) 2 (1+x 2 ) 2 


x(l — k 2 h 2 ) 

x(l - k 2 h 2 )) 

b! \ 1/2 _ 2 

1 + x 2 


(1.3) 

(1.4) 

(1.5) 

( 1 . 6 ) 

(1.7) 

( 1 . 8 ) 

(1.9) 

( 1 . 10 ) 

( 1 . 11 ) 


1 




](h) ./(s) ' (i- k 2 h 2 y / 2 J i + x 2 ' (i-k 2 h 2 y / 2 


h 


( 1 . 12 ) 

k 2 (x 2 — l) 2 _ (x + l) 2 — k 2 (x 2 — l) 2 
(. x 2 + l) 2 (x 2 + l) 2 

(1.13) 


x 2 — 1 
x 2 + 1 


/w = 


2 


l^rx 2 ' 

((x 2 + 1) - A; 2 (x 2 - l))!/2 

(1.14) 


(x 2 + 1 — /c(x 2 — l))(x 2 + 1 + k(x 2 — l))(x 2 (l — k) + 1 + fc)(x 2 (l + k) + 1 — fc) 

(1.15) 

[ _ l _ 

J ((x 2 (v — fe) + 1 + fe)(x 2 (l + k) + 1 — A;)) 1 / 2 

(1.16) 


/(M = 


2 

(1 - k)V 2 (x 2 + (1 + fe)V2 ^2 + V2 

(1.17) 


/w = 


(1 - k )V 2 


2dx 


^x 2 + 


1 + 

1 — A: 


1/2 


^X 2 + 


1 ~ k 
1 + A’ 


1/2 


(1.18) 


1 

a 


Inteagral of type 

j 

f dtt 


dx 


(x 2 + a 2 )V 2 (x 2 + 62)1/2 


can be transformed to 




1/2 


by substitution of: x = 


bt 




1 k b 2 = ]_ 
a 2 


l + A’ 


1 + k 
1 - A’ 


b 2 


a 2 — b 2 _ 1 (1 — A;) 2 _ 1 + 2A + k 2 — 1 + 2A — k 2 _ 4k 

a 2 a 4 (1 + A) 2 (1 + A) 2 (1 + A:) 2 

(1.19) 


(m 

f bt ^ 

2 J 

f dt 

Wi-t 2 )) 

' Xi^rf^+(l + A:) 1 /2 (1 + A;) 1 / 2 J 

(1 - t 2 )V2(i - (A') 2 ^ 2 ) 1 / 2 


( 1 . 20 ) 
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2 

1 + k 


■ f(t, k') 


( 1 . 21 ) 


b 2 t 2 b 2 t 2 - 1 + t 2 

„ (f \ _ 1 - t 2 ~ 1 _ 1--0 _t 2 (l + b 2 )-l 

^ ' b 2 t 2 b 2 t 2 + 1 — t 2 t 2 (b 2 - 1) + 1 

l + t 2+1 1-** 


( 1 . 22 ) 


For special values t = 0, y?(t) = —1, 1 = 1, +(t) = 1 

From fundamental theorem of calculus: 

J = f(b) - f(a),f(l,k)~ f(-l,k) = (f(l,k') - f(Q,k')) ■ (1-23) 


2K(k) = - + — K(k'), since the integrand is even K(k) = K(k’) 
form to form /(l, k) = -^-jj(g(t), k') where ipog = t, g(t) = ^ 


1 


1 + k 
1 + t 


, Let’s trans- 


f(t,k) = 


l + k l + k lH - k r 


• f{9n(t),k n 


(1 — b 2 )t + b 2 + 1 

(1.24) 


where: 

k n - consecutive application of 


2 Vk 

l + k 


9n(t) - 


Taking limit lining .oo : 


gogo...g(t) 

'-V-' 

n times 


lim r 


l + k 1 + k\ 


= —K', K’ = K(Vl~k 2 ) (1.25) 

1 + k n 7r 


IxTTln—^oo^-n — 1, I’i'Wln—toodnit') — ^(l) 


(1.26) 


f(t,k) = -K' f{u(t ), 1) = -I\ 

7r 7T 


rf(n(l)) = ^1 

1 — U 2 {t) IT % 

K' 

f(t,k ) = —In 

7T 


/ 1 + n(l) \ 

V 1 -«(*)/ 
/ 1 + n(l) \ 

V 1 -«(*)/ 


(1.27) 
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Again: 



f(b,k) - f(a, k) 


(1.28) 


t 


dt 


(i — i 2 ) i / 2 ( 1 _ k H 2 y / 2 


/(t,fc)-/(»,fc)=A(( ln i±^n)- lri 

= — [in ( 1 + - In ( 1+g "[°[ ) 

7T L Vi-ffnli)/ \l-g n (o)J 


l + u(o) \\ 

1 -u(o)JJ 

where n 

(1.29) 


Oi? 

= oo. 
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Chapter 2 


Elliptical Integrals of Second 
Kind 


1 — k 2 x 2 
1 — x 2 


dx 


( 2 . 1 ) 


1 — k 2 x 2 


y/l — X 2 y/l — k 2 X 2 


dx = 


dx 


y/(l — x 2 )(l — k 2 x 2 ) 


— k 2 


x 2 dx 


y/(l — X 2 ){1 — k 2 X 2 ) 


x 2 dx 


l/(l — .X 2 )(l — k 2 x 2 ) 


= f(x), f'{x) 


f\h) 


h 2 

(x(l — k 2 h 2 )h') 1 / 2 


( 2 . 2 ) 

x 2 

yj(l — X 2 ){1 — k 2 X 2 ) 

(2.3) 

(2.4) 


h 2 h 2 

((1 - h 2 )(l - J^Ht?)) 1 / 2 ~ (®(1 -i^#)/i') 1/2 
h' _ 1 2 _x 2 -1 

1 — h 2 x 1 + x 2 x 2 + 1 


(2.5) 

( 2 . 6 ) 



1/2 


dx 

(1 — k 2 h 2 ) 1 / 2 


( h -\ n = * 

\ x / 1 + ar 


(2.7) 
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( 2 . 8 ) 


(1 - k 2 ) 


1 - k 2 h 2 = 


x 2 + 


1 + k 
1 — k 


x 2 + 


1 -k\ 

T+k 


(. x 2 + l ) 2 


m= ! 


2 _l + fc , 2 1 — k 


(. x 2 — l ) 2 2 (^-=FT)dx ^ _ - 1 ■“ ,2 _ 

(x 2 + l) 2 'j^f^'(l - Aj 2 )V 2( x 2 + 02 ) 1 / 2 ( 3.2 + fo 2 )l/ 2 ’ ° “ T^fc’ = Y+k 


(2.9) 


Again by substitution of x = ^ = , we get: 


/vn = - [ h2 _ — _ 

n ’ a J (1 - fc 2 )V2 ' (1 _ t 2 y/ 2 (l - ( k')H 2 ) 1 /2 


where k' = - 

1 + k 


2Vk 

- x = x(f) 


( 2 . 10 ) 


/W = 


2 1 f h 2 dt. 

(1 — A : 2 ) 1 / 2 ' o 


J ii, ( i ) = (l-i 2 ) 1/2 (l-(fc , ) 2 i 2 ) 1/2 (2.11) 


Let’s calculate h 2 (x(t )) = 9 ? 2 (t) 


_ * 2 (fr 2 + l)~l _ 1 A o 1 \ O _ 1 - fe 2 r _ 1 + fc , , 

) t 2 ( 6 2 - 1) +1 k Y +B ' t 3 Cj ’ 5 2 L ’ C 2k ( } 


^ 2 (^) — To f 1 + 2 . 677 ,-— + B 


1 


1 


/(/») = 


k 2 V t 2 -c (t 2 -c) 2 / 

2 f ip 2 (t)dt 


XL^rV 2 (i + fc)i/ 2 


(1 + fc) 1 / 2 J R' 


(2.13) 

(2.14) 


/w = 


2 1 


1 + fc L 2 


6' + 2S ' f 3 C ' 6' + ^' (t 2 - C ) 2 '6' J dt (2 ' 15) 


Let’s transform R’: 


(1 — x 2 )(l — ( k') 2 x 2 ) = 1 — {k') 2 x 2 — x 2 + {k') 2 x A = 1 — ((A :') 2 + l)x 2 + {k') 2 x A (2.16) 


If R = \/a + f3 + yx 4 
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xR 


f (x 2 + a)dx f dx 


dx 


(( x 2 + a)R 


+ 5! 


dx 


(: x 2 +a 2 )R 


(2.17) 


ai = —(2 n — 5 ) 7 , Pi = — (2n — 4)(/3 — ^cry) 
71 = —(2n — 3 )( 3 a 2 7 — 2a/3 + a), <5i = (2 n — 2 )(a 3 7 — a 2 /? + aa) 

a = 1 a = —(7 
P = -(1 + (/c') 2 ) ri = 2 7 = (fc ') 2 


1 • w f -<>•/£- K 7) 2 + 2a ( i + 77 + 1) f 


dx 


Ai 


[x 2 + a)R' 


+2 (a 3 (k') 2 + a 2 (l + (A:') 2 ) + a • 1) [ 

" -v-' J 


dx 


xR' 


^2 


1 + (fc ') 2 = 


(x 2 + a) 2 R' x 2 + a 
(2.18) 

1 + 4k 1 + 6k + k 2 


(1 + k ) 2 (1 + A;) 2 


3 (1 + 6 k + k 2 ) 

k k(l + k) 


_ 4k ppL+dtJ 1 + Qk + k 2 

1 = ‘ 4 k 2 ' JX^Kf (1 + A:) 2 + 

3 + 3k-l-6k-j/ + )^ + k 2-2k 2(1 - k) 


+ 1 = 


Ao = — 


k(l + k) k(l + k) k(l + k) 

A , _ 2 d ~ k 

J 1 k(l + k) 
(2.19) 

(1 + A;) 1 + 6k + k 2 1 + k —2 — 2k + l + H>k + k 2 — 2k — 2k 2 —k 2 + 2k — 1 


2k 2 


4k 2 


2k 


4k 2 4k 2 

— (k 2 — 2k + l) —(1 — 2) 2 


4 k 2 


Ao = 


4k 2 

-(1 ~k) 2 


4k 2 


( 2 . 20 ) 


From (2.15) we have: 


m = 


1 f dx 

1 + k ' ¥ J R 7 + 1 + k '¥'** ] (x 2 + a)R' + (1 + k) ' ¥ 


i-2 B 


dx 


+ 


2 B 2 1 


dx 


(l-k) 2 (l + k) 2 
4 k 2 


(x 2 + a 2 )R' 

( 2 . 21 ) 

—^ 2(1 + A:) 2 

( 2 . 22 ) 
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2 


2 B 2 

(1 + k)k' 2 


1 


++i^ k 2 


From (2.18) we have: 


-2A 2 


dx 


(.x 2 + a 2 )i?' 


= -2A 2 


1 + k 
k 2 


dx 


(x 2 + a 2 ) R' 


1 + k 
k 2 


-2A 2 


dx 


{x 2 + a 2 ) R> 
(2.23) 


So, from (??): 


2 B 2 r dx 1 + k I" dx 1 + k ( . f dx \ 

(1 + k)k 2 J ( x 2 + a 2 )R' 2 k 2 J ( x 2 + a 2 )R1 k 2 \ 2 J ( x 2 + a 2 )R'J 

4 f x 2 dx 2 f dx 2(1 — k) f dx xR' 1 + k 

= k( 1 + k) J ~H r ^R 2 j R 7 P J (x 2 + a 2 )R ' ~ x 2 +a' k 2 

(2.24) 


/ doc 2 

— the coefficient is: - — — 


1 _ 2 / i 

P “ ¥ \1 + k 

For 1 dX 


-1 = 


2-^T _ -2 

H- {1 + k) ~ k(l + k) 

4 B 4(1 — 2)(1 + fc) 2(1-fc) —2(1 — /c) 


(x 2 + a)i?' ‘ (1 + k)k 2 (1 + k) ■ k 2 ■ %k 

which simply vanishes. 

So the expression (2.21) takes the form: 


k 3 


k 3 


= 0 


m 


-2 

k(l + k ) 


i?' fc(l + fc) 


x 2 dx 

~w~ 


h(x(t)) = tp(t) 


xR' 1 + k 
x 2 + a k 2 
t. 2 {b 2 + 1) - 1 
t 2 (b 2 - 1) + 1 


(2.25) 

(2.26) 


E[k) - for complete integral 
For special values 
t = 0 ip = — 1 
t = 1 p = 1 


1 1 

-1 0 




(2.27) 


(2.28) 


Let’s define: 


k 


-2 


<r(k) = K(k ) - k 2 E(k) = K(k) + - r K(k') - -E(k') = K{k') - 


I + k 


1 + k 


2k 

1 + k 


E(k') 


since K(k) = 


1 + k 


K(k') 

(2.29) 


a(k') = K(k') - ( k') 2 E(k ') 

2 

Let’s multiply the above by - 

1 + K 


2 

1 + k 


a(K) 


2 

1 + k 


K(k') - (k') 2 E(k') = 

2 

1 + k 


1 + k 
since 


K{k') + u(k') - K(k') 
4 k 

(1 + k) 2 


(k’) 2 = 


a(k) = a(k') + (1 — k)K(k) 


(2.30) 

(2.31) 


Define: 



t 2 dt 

m 

dt 

W) 


E(x , k) 
F(x, k), 


R(t ) = (1 - t 2 ) 1/2 (l - k 2 - t 2 ) 1/2 


. f ( 1 — k 2 t 2 \ 1//2 , f x dt l2 f t 2 dt 2 7-1/ , s , . 

o(x,k) = J (-j-p- ) dt = W) -k J W) =F(x,k)-kE( x ,k) ( 2.32) 

rr 2 fA 2 -1- 1 ) — 1 

M*) = ^ (x) = ^ _ x + x ¥>(0) = -1 +(1) = 1 (2-33) 

f(<p(x),k)-f(-l,k)=J i -^-y (2.34) 


E(k) + E(ip(x), k) 


+ 


-2 


/•° t 2 dt r (x ) t 2 dt 

Li m 

dt. 


+ 


R(t ) 
r x t 2 dt 


= £'(fc) + E(<p(x),k) 
xR! 1 + k 


k( 1 + A:) y 0 i?'(t) fc(l + A:) 7 0 -^(A) x 2 + a A: 2 


(2.35) 
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a(h, k) = F(h, k) — k 2 E(h, k) (2.36) 

2 A* Ah nr 

= F(h, k ) + r—jF(x , k') - ——E(x, k') +k 2 E(k ) + • (1 + k) 

1 + k 1 + k x A + a 

" - v -' 

9 A* /j 

l^ F (x, k') + F(x, fc')(l + k) - • (1 + k)E(x, k') - (1 + k)F(x, k') (2.37) 

(1 + k)(F(x, k') - ( k') 2 E(x, k')) (2.38) 
(1 + k)a(x, k') (2.39) 


2k 

1 + k 


Fix, k') - (1 + k) • F{x, k!) = Fix, k') - (1 + A:)) 

f^-l-k 2 -^ 
= F(x, k ) I — 


1 + k 

= —Fix, k!) ■ 


1 + k 2 
1 + k 


*F{h,k) = —F{x,k')-K{k) 


(2.40) 


(2.41) 


Let’s sum the rest of equation: 


2 f 1 | A* 2 "! nr 

F(x, k ') — K(k) — F(x, k!) ■ — -—- + (! + &)• a(x, k ') + k 2 E{k) H—^-(1 + k) 


1 + k 


F{x, k!) 


2-1 -k 4 
1 + k 


1 + k 

1 — k 2 
= 1 + k 2 


+ (1 + k)a(x, k') + k 2 E{k) + 


a(h, k) = (1 — k){F{x , k') + (1 + k)cr(x, k') — ( K(k ) — k 2 E{k)) + 
cr(h, k) = (1 + k)a(x, k') + (1 — k) ■ a(x, k ) — a(k) + 

where h(x) = ip(x ) = 


x 3 + a 

xR' 
x 3 + a 
xR' 
x 2 + a 
xR' 

x 2 + a' 
x 2 (b 2 + 1) — 1 
x 2 (6 2 — 1) + 1 

R r (x) = ((1 — x 2 )(l — (A/) 2 x 2 )) 1//2 

(2.43) 


(2.42) 

(1 + fc) 

(1 + fc) 

(1 + k) 


10 



Chapter 3 


Elliptical Integrals of Third Kind 
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f'ih) = 


(. h 2 + m)[ 1 — (k 2 h 2 )xh , \ 1 / 2 


f'ih) = 


(1 — A 2 ) 1 / 2 (1 — A: 2 /?. 2 ) 1 / 2 J(1 — k 2 h 2 ) 1 / 2 ( xh') 1 / 2 

ti _ 2 _ x 2 - 1 

i - 1, 2 ~ x ’ 1 ~ 1 _ tt^ 2 “ 


J (h) j ( x ) ' ( h 3 + m) ' (1 - A 2 /! 2 ) 1 / 2 

(h'\ 1/2 _ 2 2 2 _ A 2 (x 2 -1) 2 _ (x 2 + l) 2 -A 2 (x 2 -l) 2 

VxJ _ 1 + X 2 ’ 1 kh - 1 (x 2 + i) 2 “ (x 2 + l) 2 

2 ,2 (x 2 + 1 — A(x 2 — l))(x 2 + 1 + A(x 2 — 1)) x 2 (l — k) + (1 + A)(x 2 (l + k) + (1 — k)) 

1 " kh = (x 2 + l) 2 = _ (x 2 + l) 2 

(1 _ fc2) ( l2 + l ±|)( l2 + l ^) 

(x 2 + l) 2 

1 (x 2 + l) 2 1 2 (m — 1) 

h 2 + m m + 1 x 4 + ax 3 + 1 ’ m + 1 

(3.6) 

f(h) - f 2 (•'g 2 + l) 2 1 _ 1 _ (x 2 + 1 )dx _ 

J 1 + x 2 m + 1 x 4 + ax + 1 (1 — k 2 ) 1 / 2 / ^ i^/A 1 / 2 / ^ 1 _^\ 4 / 2 


(1 - A: 2 ) (x 2 + (x 2 + 


m = / 1 


2 (x 2 + l) 2 


transforms by substitution: 


v i — kj v i + a; 

bt 2 A 2 A 2 2 1 + A: 2 1 — k 

x = , , x = -a = - b = -- to 

vT^T 2 1-t 2 1 — A 1 + A: 


z 2 - b 2 ,\ 1/2 


A 2 (1 - A 2 ) 1 / 2 


1 1 1 2 yfk 

a (1 — A 2 ) 1 / 2 ‘ (1 - (A')A 2 ) 1 / 24 _ 1 + A 




(x 2 +1) 2 1 /l —A\ 1,/2 dt 

x 4 + ax 2 + 1 (1 — A 2 ) 1 / 2 \1 + Ay _R'(A) 

i?'(A) = (1 - A 2 ) 1/2 (l - (A') 2 )A 2 ) 1/2 

. . bt 


x(A) = 


T^A 2 


2 r f 1 (2 - a)x 2 1 \ 

(m + 1) • t^i: J \R'(t) + (® 4 + a® 2 + 1) -R'(A)/ 


(3.10) 


(3.11) 
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Let’s consider the second part of paranthesis: x 2 = z 
Z A A = -*~, B — 22 


z 2 + az + 1 z — zi z — 22 ’ 
4 ^/—m 


z i - z 2 


Z2 ~ Z 1 


—a ± 


m + 1 


2 = 


X'l = 2 : 1 , X 2 = 22 


Z — Z\ = X ~ X\ = 


b 2 t 2 
l-f 2 


- X'l = 


6 2 f 2 — x\ + xit 2 t 2 (6 2 + xi) —xi 


l-f 2 


1-t 2 


, , , A B \ 1 

(2_a)| ,^ + ' W) 


(3.12) 


A B 
+ 


A(l-t 2 ) 


+ 


5(1 -t 2 


2 — z\ z — 22 t 2 (6 2 + xi) —xi t 2 {b 2 + X 2 ) — X 2 


l-f 2 


-1 


+ 


b 2 


1 


t 2 (6 2 + xi) —xi 6 2 + xi ' (6 2 + xi) 2 j -2 11 

6 2 + xi 

* 2 -1 b 2 


1-5 


+ 


1 


t 2 (6 2 + X 2 )-X 2 6 2 + X 2 ' (6 2 + X 2) 2 ^2 J ’ 2 

fo 2 + x 2 


-xi 


6 2 + x — 1 


= m, 


-x 2 


6 2 + x 2 


= m 


(3.13) 


So, 


A 


2 — 2l 


+ 


5 


2-22 


dt is equal to: 


#(*)/ 


dt 


Ab 2 


-A 

b 2 + x\J R!(t) ~ b 2 + X 2 J 5'(t) ' (6 2 + xi) 2 


dt -B 1 


dt 


-+- 


Bb 2 


dt 


t 2 + r] 1 5'(t) (b 2 + X 2) 2 J t 2 + 772 5'(t) 

(3.14) 


Let’s evaluate the inside of paranthesis: 


. J A B 

1 - (1 - «) ^2 + ^ + ft2 + X2 



dt 

W) 


+ 


(2 — a) ■ Ab 2 
(b 2 + x 2 ) 2 


dt 


(2 - a)Bb 2 
(f 2 + 7/i)(5'(t)) ' (6 2 + x 2 ) 2 


+ 


dt 


dt 

W) 


+ c 2 


dt 


(t 2 + 771 ) 5 ' (t) 


+ C 3 


(t 2 + 7/ 2 )(5'(t) 
f dt 
(t 2 + 772)5'(t) 


(3.15) 


Ci, C2, C3 - for correspnding coefficients let’s change the notation: 
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P(t, m, k ) = J f 2 | 
/(*, A;) = 


dt 

+ m R(t) 
dt 


m 


p(<p(t), m, k ) = M(Cif(t , &/) + C 2 p(t, n, k') + C 3 p(t, r/ 2 , A:')) 

M = 2 


(m + 1)(1 + k ) 


Define: 


(3.16) 

(3.17) 

(3.18) 

(3.19) 



¥>(*) = 


J o x 2 + m 
t 2 (b 2 + 1) - 1 
t 2 {b 2 - 1) + 1’ 


dx 

R(x) 

so 


= P{t , m, A) 
¥>(0) = -1 


(3.20) 

(3.21) 


¥>(*) t 

-1 0 



1 

t 2 + m 


+ P(m, k) = MCiF(t , A;') + MC 2 P(t, n, k') + MC 3 P{t, r) 2 , k') 


whereP(m, k) f orcompleteingtegral 
P(<p(t),m, k ) = M\C\F(t , A/) + MC 2 P(t, n, k’) + MC 3 P(t , 7 / 2 , A/) — P(m, k) 

(3.22) 


For special values </?(£) = — 1, </?(£) = 1 

1 1 

-1 0 

2P(m, k) = M(Ci, K(k') + C 2 P(rji,k') + C 3 P{ m , k')) (3.23) 
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